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Abstract

This paper addresses the design and planning of manufacturing networks considering the option
of centralized and distributed facilities, taking into account the potential trade-offs between in-
vestments and transportation. The problem is formulated as an extension of the Capacitated
Multi-facility Weber Problem, which involves the selection of which facilities to build in each time
period, and their location in the continuous two-dimensional space, in order to meet demand and
minimize costs. The model is a multi-period GDP, reformulated as a nonconvex MINLP. We
propose an accelerated version of the Bilevel Decomposition by Lara et al. [I] that finds stronger
bounds in the decomposition scheme. We benchmark the performance of our algorithm against
the original Bilevel Decomposition and commercial global solvers and show that our approach
outperforms the others in all instances tested. Additionally, we illustrate the applicability of the
proposed model and solution framework with a biomass supply chain case study.

Keywords: Distributed manufacturing, Weber problem, Global optimization

1. Introduction

Advances in technology have led to the rethinking of traditional manufacturing. In the past
few decades, public and private initiatives have been sponsoring research on smaller-scale and
cleaner manufacturing processes. The F3 Factory Project was launched in 2009 to enhance the
competitiveness of the European chemical industry by promoting modular continuous plants with
small and medium scale production [2]. Likewise, the U.S. Advanced Manufacturing National
Program Office (AMNPO) has brought together corporations, federal agencies, and universities to
advance manufacturing technologies by investing in areas such as High Efficiency Modular Chem-
ical Processes (HEMCP), Additive Manufacturing (3D printing), and Process Intensification [3].

Modular plants consist of manufacturing sites with their major equipment pieces in standard-
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ized modules instead of having customized site-specific design [4]. Their potential advantages
include higher flexibility, faster time-to-market, and improved safety [5], [6] [7]. This concept is not
new [§], but combined with distributed manufacturing and the recent advances in process intensifi-
cation [9] [10], it can be a viable and beneficial alternative to traditional large-scale manufacturing.

The concept of Distributed Manufacturing - a geographically distributed network of facilities
- has arisen as a promising option for supply-chain networks in which the transportation costs
and infrastructure are the main bottlenecks (e.g., biomass [11, 12l 3], shale gas [14, [15], and
electric power). However, despite the potential advantages of having distributed facilities, conven-
tional large-scale centralized manufacturing can be more cost-effective due to economies of scale.
Therefore, there is a need for a general optimization framework that can support the selection of
centralized and distributed facilities taking into account the potential trade-offs [16].

We address the design and planning of manufacturing networks considering the selection and
location of centralized and/or distributed facilities. This multi-period problem involves the selec-
tion of which facilities to build in each time period, their location in the continuous 2-dimensional
space, and how to link them with suppliers and customers, in order to meet demand and to
minimize costs. The problem is formulated as a version of the continuous facility location and
allocation problem with limited capacity, also known as the Capacitated Multi-facility Weber
Problem (CMWP) [17].

The original Weber problem was proposed by Alfred Weber [18], a pioneer of the modern
location theories. In his original problem, he considered one facility to be located based on two
suppliers and one customer, when these three points are not collinear [I8, 19], and assuming
Euclidean distances.

The capacitated version of the Weber problem (CMWP) was first proposed by Cooper [20],
and assumes a maximum capacity for the facilities to be installed. This class of problems has been
proved to be NP-hard even if all the fixed points are located on a straight line [21]. Copper proposes
a rigorous solution method to the CMWP that relies on explicit enumeration of the extreme points
of the transportation polytope, thus limiting its application to small problems. He also proposes
a heuristic approach, known as the Alternating Transportation-Location (ATL) method, which
alternates the solution of the transportation and allocation problems until convergence is achieved,
although there is no guarantee of global optimality. The ATL heuristic is further developed
in [22, 23]



43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

Sherali and co-authors propose in 1977 a cutting plane algorithm for the rectilinear distance
location-allocation problem [24], and in 1992 they introduce a branch-and-bound algorithm for the
squared-Euclidean distance location-allocation problem [25]. They also propose in 2002 a branch-
and-bound algorithm based on the partitioning of the allocation space that finitely converges to
a global optimum within a given tolerance [26]. Chen, Pan, Ko [27] reformulate the CMWP as a
sequence of nonlinear second-order cone problems, and apply the semi-smooth Newton method to
solve it. Akyiiz et al. [28] propose two branch-and-bound algorithms for solving exactly the multi-
commodity CMWP: one based on partitioning the allocation space, and the other one considers
partitioning of the location space. Besides exact methods, there are several heuristics developed
for this class of problem [17, 29| B30} 31l 32, 33, 34].

In this paper, we extend the work by Lara et al. [I] (in which the single-period design problem
for a general manufacturing network with multiple facility types is addressed) to solve the design
and multi-period planning of centralized and distributed manufacturing networks. The model
proposed in this paper is a multi-period nonlinear Generalized Disjunctive Programming (GDP),
reformulated as a multi-period nonconvex Mixed-Integer Nonlinear Programming (MINLP). Due
to the extra layer of complexity added by the multi-period formulation, we propose an accelerated
version of the algorithm proposed by Lara et al. [I] to improve its computational performance
and scalability. Accordingly, the contributions of this work are on the formulation (multi-period),
application (centralized and distributed networks), and solution method (extension of the Bilevel
Decomposition algorithm).

The remainder of the paper is organized as follows. We begin by presenting in Section [2] the
problem statement. Section |3|includes the General Disjunctive Programming (GDP) formulation
and its reformulation as a nonconvex MINLP. In Section 4| we propose an accelerated version of the
global optimization algorithm by [I], which is guaranteed to have e-convergence. The additional
steps consist of a strategy for reducing the optimization search space by reducing sets of potential
facilities and their two-dimensional feasible region, as well as providing an initial solution to the
Master Problem. We illustrate the method for a test problem in the same section. In Section [5| we
benchmark the performance of the accelerated algorithm against the original and the commercial
global solvers available for the set of randomly generated instances from [I] extended to multi-
period problems. Finally, in Section [6] we apply the formulation and solution strategy to a biomass

supply chain case study, and in Section [7| we draw the conclusions.
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2. Problem Statement

Given is a set of suppliers i € Z, with their respective fixed location coordinates (X;,Y;),
availability AV;;, and cost of material supply CRM,; at each time period ¢t € 7. Given is also
a set of customers j € J, with their respective fixed locations (Xj,Y;), and demands DM, per
time period ¢t. Given are the fixed and variable investment costs (FICj; and VICy,, respectively)
and variable operating costs (VOC} ;) of potential facilities & € K with N different types (i.e.
centralized and distributed N = 2), which are partitioned into subsets K, Vn € N = {1,.... N}
such that |J,c Kn = K and K, N Ky, = 0 Y0y, ny, € N, 1 # m. The corresponding maximum
capacity, M C}, and conversion to product flows, C'V}, of these potential facilities are also known.
Given are also the transportation costs between suppliers and facilities, and facilities and markets
(FTCy, FTCY ;: fixed costs; VI'CEy, VI'CY : variable costs). The problem is to find the opti-
mal network of facilities (number, types, location, when to build, and corresponding flows) that
minimizes the total cost.

The variables in the problem are the coordinates of potential facilities, (zy,yx), the distances
between supplier and facility, d;,, and between facility and customer, dj ;, the flows between
supplier and facility, ff7;,, and between facility and customer, ff ,;, and the amount produced
by each facility, fr:, in each time period ¢t. There are also Boolean variables: By, (true if facility
is built in time period ¢; false otherwise); Wy, (true if facility is in operation in time period ¢; false
otherwise); Zi i (true if material supply is transported between supplier and facility during time
period t; false otherwise); and Ziju (true if product is transported between facility and customer

during time period ¢; false otherwise).

3. Model Formulation

3.1. Generalized Disjunctive Programming (GDP)

We first formulate the problem as Generalized Disjunctive Programming (GDP) to take ad-

vantage of the disjunctive structure of some of the decisions. Extending [I], the GDP formulation

is given by Equations —.

: 1 .
min ® = Z REYD Z (mvht + opr, + Z costy ¢ + Z costiﬁj,t) (1a)

teT ke €T JjeTJ
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VkEe Kk
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VkeK,teT

VkeK,teT

VkEe Kk
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VkekK,teT

vVieJd,teT

VkeEKn, neN
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VieZ,keK,jeTJ,teT.

(1b)

(1c)

(1d)

(1e)

(1f)

(1g)

(1h)
(1i)
(1))
(1K)
(1)
(1m)
(1n)
(10)

(1p)
(1a)
(1r)
(1s)
(1t)

The objective function is the net present cost, which includes investment and operating

costs for building and operating the facilities, and transportation cost from the suppliers and to

the customers with an interest rate, R. This is different than the GDP proposed by [I] as it now

includes a series of cash flows occurring at each time period, and the facility costs are divided into

investment and operating costs.

Disjunction determines whether facility & is built at time ¢ (Bj;), and disjunction (|1c)

determines whether facility & is in operation at time ¢ (Wj ;). These disjunctions indirectly address
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the choice between centralized and distributed facilities as each of the potential facilities have a
specified type (i.e. distributed or centralized) and their characteristics and costs are drawn from
their type. This differs from the formulation by [I] where multiple types are allowed instead of
only two.

Disjunctions and decide if there is material flow between the transportation links
{i,k} and {k, j} at each time period ¢, which is determined by the corresponding Boolean variables
(Z3 ke Zi;1)- The last disjunction, , specifies that if a facility & is built at any point within
the planning horizon, its coordinates should be within the appropriate bounds. However, if this
facility is not built, then its coordinates should be set to (0,0), to avoid degeneracy in the solution.
These five proposed disjunctions, —, are similar to the disjunctions in the GDP model by
[1], but have the additional flexibility of allowing different allocations by time-period, specifying
in which time period a facility is built, and only accounting for operating costs in the time periods
the facility is in operation.

Constraints and represent the Euclidean distances between suppliers and facilities,
and facilities and customers, which is the same distance representation used by [I]. The logic
relations in , and establish the existence of links depending on the choice of the facilities
and vice-versa, and specify that a facility & can only operate (W) if it has been built before (B ).
Constraints — define the mass balances, as well as the availability and demands, same as
in [1].

We assume that the facilities of the same type have the same costs and characteristics associated
with them, i.e., FICy, VICy, VOCyy, FTC; o, VICipp, FTCk i, VI'Cyjy, MCy, and CVj, are
the same V k € KC,,. Analogously to [I], we have constraints — to break the symmetry in
the facility selection within the same type and avoid degeneracy in the solution. These constraints
enforce that for facilities k& of the same type, i.e., k € K,, n € N, the model will chose first to
build the ones with the lower indices, and those will be located in lower z; coordinate. Finally,
constraints — determine the bounds for the distances, D™" and D™, and defined the
Boolean variables.

The GDP model (lf) is nonconvex due to the bilinear terms (ff - d) in the transportation cost,
as can be seen in disjunctions —. There is a large body of literature on relaxations and
reformulations of bilinear terms, most of them deriving from the McCormick envelope [35]: e.g.

[36], 37, 38, B39, 40]. The presence of bilinear terms, which can give rise to local minima, is the
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main motivation behind choosing a GDP formulation. By having the bilinear terms as part of the
disjunctions, they are calculated only for the selected connections within an iterative procedure.
Therefore, for a fixed choice of the Boolean variables, the GDP leads to a reduction in the number
of bilinear terms and generates a more favorable structure that can be exploited in a decomposition
scheme. Additionally, equations - are nonlinear convex constraints since they correspond

to Euclidean norms [41].

3.2. Mixed-integer nonlinear Programming (MINLP) model

The GDP can be transformed into an MINLP using the hull reformulation, which yields the
tightest relaxation for each disjunction [42]. Since the disaggregated variables can be reformulated
back to the original variables, the resulting MINLP is given by Equations —. Again, the
main difference between the MINLP reformulation presented in [I] and the following MINLP is the
added flexibility of allowing multi-period operating and allocation decisions, as well as accounting

for operating costs by time-period.

ke i€T jeT

) 1 , s c
min ¢ = ; Yl . Z (mvk,t +opge + Z costy ¢ + Z costhj,t) (2a)

st invgy = (FICk: + VICy: - MCy) - by Ve teT (2b)
oprt = VOCkt - fru VEeK,teT (2¢)
COSt?7k7t = CSLt . ﬁ,k,t + FTClS,k . Zis,k,t + ‘/YJ‘IC(ZSJC . ff,ik,t . d§7k Vi S I, k S IC,t € T (Zd)
costy j, = FTC} ;- 25 ;o +VTCE ;- ff - di. VkeK,jeJ teT (2
& 2> V(X —2x)? + (Y = yp)? VieLkek  (2f)
i,jz\/(Xj—xk)2+(Yj—yk)2 VkeK,jek  (2)
D ks < AVi VieZIteT  (2h)
ke
D I CVie = fi Vkek,teT (2
i€l
fra=Y_ Ff5 VekeKteT  (2))
JjeT
D e =DMy Vied,teT (2
kex
Wit = D 2t VkeKteT (20
i€l
Wit = Y g VkeK,teT (2m)
jeT
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Wit = W t—1 + br ¢ VkeK,teT (2n)
0< fit < MCy - wy VkeK,teT (20)
0< ffire <FF ., 2iks VieLkeK,teT  (2p)
0< ffiju <FF, 24 VkeK,jeT,teT (29
0< 2 < Xi- > by Vkek (2r)
teT
0<ye <Yi- Y brs Veek  (2s)
teT
Wkt 2 Wh1,t VEkeK,y, neN,teT (2t)
T > Tpo1l VkekK,, neN (2u)
D™ < df, < D™OT VieI,kek (2v)
D™ < df, ; < D™ VkeKjeJd  (2w)
Dk,ts Wt 2 1> 2k 5 € 10,1} VieLkeK,jeJ,teT. (2x)

The MINLP model can be more concisely represented by .

= min g(f, [f,z) + dTCff (3a)
s.t. die >V (X; — 2)? + (Y — yp)? VieTUuJ, kek (3b)
f?ff?z7d?x7y69? (3C)

where ff is the vector of all flows between suppliers and facilities, ff7; ;, and between facilities
and customers, ffg.;; f is the vector of all facilities’ productions at each time period, fis; 2 is
the vector of all discrete decision variables (bgs, Wy, 27, and 2§ ;,); and g(f, ff, z) is the cost
function associated with these decision variables. Additionally, d is the vector of distances, C' is
the matrix of variable transportation costs (VT'C}, and VT'C} ;), and (d7C ff) is the bilinear term
associated with the variable transportation cost. Constraint represents both constraints

and , and the feasible region €2 is given by —.

4. Accelerated Bilevel Decomposition Algorithm

As shown by [I], global optimization solvers do not perform well for mid to large instances of
the single-period version of this problem. Thus, it is expected that with the added complexity of
having multi-period decisions their performance will degrade even further. Lara et al. [1] propose a

Bilevel Decomposition algorithm that consists of decomposing the problem into a master problem
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and a subproblem, for which e-convergence can be proved. The master problem is based on a
relaxation of the nonconvex MINLP, which yields an MILP that predicts the selection of facilities
and their links to suppliers and customers, as well as a lower bound on the cost of the original
problem. The subproblem corresponds to a nonconvex NLP of reduced dimensionality that results
from fixing the binary variables in the MINLP problem, according to the binary variables predicted
in the MILP master problem.

In this paper, we propose an accelerated version of the algorithm proposed by [I] that keeps its
rigor (i.e., its e-convergence), but has some additional steps to improve its performance to allow
the solution of large-scale multi-period instances of this problem within a reasonable amount of
time. The additional steps consist of an attempt of reducing the optimization search space such
that it is easier for the Bilevel Decomposition to find good bounds and the optimal solution. These
steps consist of: i) possibly reducing the set of potential facilities by performing branch-and-bound
on the facilities that were not selected; ii) potentially reducing the feasible two-dimensional space
by performing a branch-and-bound on the partitions that did not have any facility being built on;
iii) giving an initial feasible solution to the Master Problem based on the solution of the previous
iteration.

The main steps in the Accelerated Bilevel Decomposition are shown in Figure

Warm-start solution .
| Master Problem (MILP) —> LBiter

Refine partitions of L o
the Master Problem Fix discrete decisions

Update coordinates and distances bounds

Subproblem (Nonconvex NLP) |—» [JRiter

Partition Pruning step

T

Facility Pruning step

IF UBY"e" — LB < ¢ STOP

Figure 1: Accelerated Bilevel Decomposition concise representation

We start by explaining the basic steps of the original algorithm by Lara et al. [I] applied to
the current MINLP formulation , and then cover the proposed additional steps to improve its

performance.
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4.1. Master Problem

The nonlinearity and nonconvexity of the formulation come from the fact that the location of
the potential facilities is a decision variable. The master problem takes advantage of this property
and partitions the space into uniform rectangular sub-regions. By having a grid to represent the
feasible area, we can pre-compute the minimum distance between the fixed points (suppliers and
customers) and use them as parameters in the model [I]. The minimum distances between the

fixed points and the sub-regions p, ﬁi’p and ZA)j,p, are computed as follows:

dz;, = max{|X; — x,| — Az/2,0} VieIpeP (4a)
dy; p = max{[Y; — y,| — Ay/2,0} VieI,peP (4b)
dzj, = max{|X; — z,| — Az/2,0} vVjeJ,peP (4c)
dyjp = max{|Y; — y,| — Ay/2,0} VjeJ,peP (4d)
D, = max{,/dz?, + dy?,, D™} VieI,peP (4e)
D, = max{y/dx?, + dy3,, D™} VieJ,peP, (4f)

where (x,,y,) are the coordinates of the mid-point of each sub-region p; Az and Ay are the length
of sub-region p in the z and y directions, respectively; D™" is the lower bound for the distances,
not allowing the model to choose to build a facility k& on top of a fixed point from a supplier or a
customer [I].

By using the minimum distance parameters, the MINLP formulation can be reformulated
as a mixed-integer linear programming (MILP) model , which yields a lower bound to the
solution of the original models and (2)), as proved in Proposition 1 of [1].

. 1 .
min & = Z m . Z Z ('ank,p,t + 0pk7p7t + Z COSt?,k,p,t + Z COStE;Lp’t) (53.)

teT keK peP €T jedJ

s.t invg pt = (FICk, + VICk - MCy) - by p o VkeKpeP,teT (5b)
oPk,p,t = VOCkt - frpt VEEK,peEP,teT (5¢)
costs oy =CSit fffppy + FTCE 25+ VTCS - DS - 2 p 0 VieLkeK,peP,teT (5d)
costf, j oy = FTCF ;-2 50+ VTCE ;- DS - 55 VkeK,jeT,peP,teT (5e)
ST ks S AVig VieT,teT (5f)
ke peP
D Ik CVe = frpe VkeK,pePteT (5
€T
Frpt =D Fffipu VkeK,peP,teT  (5h)

jeT

10
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Z folg,j,p,t = DM vieJd,teT (51)

keK peP
S .
Whpt = Zzi,k%t VkEeK,peP,teT (5j)
i€
Whpt = D 25 jpi VkeKpeP,teT  (5k)
ISVA

Wk, p,t = Wk,p,t—1 + bk,p,t Vke /C,p (S ,P,t eT (51)
> wppe <1 VkeEK,teT  (5m)
pEP

> brpe <1 VkeKteT (5n)
peEP

> 2, <1 VkeKteT (50)
peEP

> e <1 VkeK,teT (5p)
pEP

ngk:,p,t SMC;Q“U)]CJ,J VkEeK,peP,teT (5q)
0< ffSpt SFF 25 ppe VieZL,keK,peP,teT (51)
0< Fff o SFFE 255 04 VkeKjeT pePteT (5
> Wrpt > D Whiip Vk€EKn neN,teT (5t)

P peEP

S>> wepe VK <k kK €Kn, neN,teT (5u)
p'<p pEP

bk,p,t7wk,p,hzik’p’tvzz’j’p’t S {07 1} Vie Z7 ke ’Cvj S j’p S Pat eT. (5V)

Following the same notation as in , the MILP master problem can be concisely repre-
sented by @

OB = min  g(f, ff,2) + DTCff (6a)
s.t. fff,z,d,z,y e (6Db)

where D is the vector of minimum distance parameters, D;, and D;,, and ' represents the

feasible region described by constraints —.

4.2. Subproblem

After solving the master problem , the subproblem consists of solving for the fixed
decisions of which facilities k£ to build and operate at each time period t, Ek,t and Wy, ;, respectively,
and how to allocate their material supply z7; ; and products Zj ;, as selected in the MILP (5)).

Besides fixing the discrete decisions, we also update the bounds of the facilities coordinates
such that their location (xy,yx) has to lie within the bounds of the sub-region p chosen in the

Master Problem; i.e., for a p such that ), by, = 1 in the solution of Problem we have that

11



X;@p Sz < X;c,p and X;g,p <y < ?;w)’ where:

Xip=2p — Ax/2 VkekK (7a)
X, = 2y + Ax/2 Vkek (7b)
Y= tp = Ay/2 vkek (7c)
Vip = tp + Ay/2 Vkek. (7d)

This assumption greatly impacts tractability because the bounds for d;; and dj ;, which are

part of the bilinear terms, become tighter, i.e. lep <d;p < E;}k and D) .. < dj; < E;ﬁ’j’p,

P =k,j,p
where:
Dy, =D, Viel kek (8a)
Ezk:p Dlp—i-\/Ax?—i-Ay Viel kek (8b)
D;wp Djp Vied, kek (8c)
Dijp = Djp+ VA2 1 Ay? VieJ, kek. (8d)
197 Accordingly, the McCormick convex envelopes [35] also become tighter, strengthening the lower

18 bounds in the global optimization search of this NLP.
109 Following the same notation as in (3) and @, the NLP subproblem can be concisely represented

200 by @

U = min g(f, [f.2) + dTCff (9a)
s.t. die >V (X; — 2)% + (Y — yp)? VieTuJ, kek (9b)
f, ff,d,z,yeQ’ (9¢)

21 where Z represents the discrete decisions obtained in the solution of the Master Problem @ and
22 fixed for this Subproblem, and 2" represents the feasible region 2 with the updated bounds for
203 the distances and (z,y) coordinates, d; , di j, and (xy, yy), respectively.

204 The subproblem @D is a reduced nonconvex NLP. Since it comprises the original problem
205 for a set of fixed discrete decisions and tighter bounds for the distances and (x,y) coordinates, it

206 yields a feasible Upper Bound (UB) to the total cost, ®VZ > .

12
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4.3. Facility Pruning

There are instances, especially the ones that favor centralized networks, in which having a
large set of potential distributed facilities adds unnecessary burden to their solution. With this
in mind, we propose an additional step to the original Bilevel Decomposition [I] based on the
branch-and-bound algorithm. After solving the Master Problem and the Subproblem, this step
consists of solving the MILP (j5)) with the additional constraint:

Zzbk’,p,t > 1 (10)

pEP teT

for each facility &’ that was not selected to be built by the Master Problem . Constraint
enforces facility &’ to be built in one of the partition during the considered planning horizon.
®LBH is the optimal solution of the MILP (5) with constraint for facility k’. Based on this

additional constraint, we have the following Proposition

Proposition 1. If the result of the MILP (@/ plus the additional constraint (@, PLEF s greater
than the upper bound obtained by the NLP subproblem, it means that building this facility k' will

never be optimal hence it can be excluded from the set of potential facilities.

Proof. From Proposition 1 of [I] we know that the optimal value of the MILP , OB is an
underestimator of the optimal value of MINLP ([2)), . Hence, the optimal value of the MILP (/5]
with the additional constraint , HLEHF underestimates the optimal value of MINLP (2)) with
this additional requirement of forcing facility &’ to be built within the planning horizon, ®*'.
Moreover, from Theorem 1 of [I] we have that the optimal value of the NLP subproblem, ®Y5
is an incumbent (i.e. feasible solution) of the MINLP (2), such that ®*# < & < ®UZ. Therefore,
if LK > ®UB and LB < @ then ¥ > ®YP and, consequently, building this facility &’ will

never be optimal. Accordingly, facility &’ can be pruned from the set of potential facilities. O

Since all facilities of the same type have exactly the same characteristics and data and the
symmetry breaking constraint forces lower-index facilities of the same type to be build first,
then if facility &’ is pruned, it means that all facilities £” such that £” > k'’ should also be pruned
(i.e., excluded from the set of potential facilities).

This step can be computationally expensive; therefore we only perform it in the first iteration

of the algorithm, and also set a maximum solution time for the solution of each ®LEH .
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4.4. Partition Pruning

The idea of the Partition Pruning step is very similar to the Facility Pruning. It consists of

running a set of MILPs with the additional constraint:

SN bppe>1 (11)

kek teT
for each partition p’ that did not have any facility & being built on by the Master Problem .
This constraint enforces that at least one facility k is built on this partition p’ during the planning
horizon. ®LEB#" is the optimal solution of the MILP (5 with constraint for partition p'.

Following the same idea as before, we can establish the following Proposition

Proposition 2. If the result of the MILP (@ with the additional constraint , QLBY s greater
than the upper bound obtained by the NLP subproblem, it means that building on this partition p'
will never be optimal and this partition and its further refinements can be excluded from the set of

potential partitions.

Proof. This proof is very similar to the proof of Proposition [I} Following the same logic as before
we have that the optimal value of the MILP with the additional constraint , PLBY
underestimates the optimal value of MINLP with this additional requirement of forcing at
least one facility to be built on partition p/, ®”'. Therefore, knowing that &8 < & < ®UB_if
PLEK ~ PUB gand ®LBHF < ®F we can conclude that ®* > ®UE and, consequently, building a
facility on partition p’ will never be optimal. Accordingly, partition p’ and its further refinements

can be pruned from the set of potential facilities. m

This step can also be computationally expensive; therefore we only perform it in the first two
iterations of the algorithm, and also set a maximum solution time for the solution of each ®LE#",
Additional to the Partition Pruning step, we automatically prune the partitions that have
their minimum distance to the fixed points, lA)l-,p and lA)j,p, plus the diagonal size of the partition
\/m to be less than the allowed minimum distance D™", which means that we prune the
partitions in which the maximum distance between them and a fixed point is less than minimum

distance allowed, which would violate the distance bound constraints in the original MINLP (2v])

and .
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4.5. Warm-start MILP solutions

The solution of the MILP is the main bottleneck to the solution of the Bilevel Decomposition
algorithm because as the number of partitions increases, it greatly impacts the size of the model
and, consequently, its solution time. In order to mitigate this issue, we warm-start the MILP
solutions by providing to the solver a good feasible solution.

This initial feasible solution is directly obtained from the solution of the Master Problem
and Subproblem in the previous iteration, not requiring to solve any additional MILP primal
heuristic [43]. This feasible solution consists of building the facilities selected on the previous
Master Problem (at the same time period as before), and choosing for their location the partition
corresponding to the (xy,yx) coordinates given by the previous NLP Subproblem. In case the
NLP Subproblem builds the facility on the boundary of the partition chosen by the MILP Master
Problem, we select for the warm-start solution the adjacent partition that shares this boundary.
This feasible solution is provided to the MILP solver (e.g. Gurobi and CPLEX) through the
initialize option in Pyomo.

This step is not necessary, as we did not encounter any case in which the MILP solver could
not find a feasible solution without the warm-start. Also, it does not reduce the computational
time required by the MILP solver to solve the LP relaxation. However, it does provide a good
incumbent solution that can help the convergence of the Branch-and-Bound algorithm, and expe-
dite the overall convergence of the Accelerated Bilevel Decomposition, as can be seen in results in

sections 1.8 and [l

4.6. Accelerated Algorithm

As discussed earlier in this section, the Accelerated Bilevel Decomposition Algorithm consists
of iteratively solving the MILP master problem and the NLP subproblem with additional steps to
help convergence: Facility Pruning, Partition Pruning, and Warm-start of the Master Problem.
The proposed algorithm is shown in Figure

As proved by Theorem 1 in [I], the proposed Bilevel Decomposition algorithm in Figure

converges to the global optimum in a finite number of steps within an e-tolerance.

4.7. Relation between space discretization and optimality tolerance €

The lower bound of the algorithm is tightly related to how refined the discretization of space

is in the current iteration, as the lower bound comes from the solution of the MILP (j5)) in which
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Figure 2: Accelerated Bilevel Decomposition Representation
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the distance variable is underestimated as the minimum distance between the fixed points and
each partition on the grid. Therefore, Proposition |3| finds an upper bound to the dimensions of
the partitions in the grid, A*, such that if Az < A* and Ay < A* the algorithm will converge in

one iteration.

Proposition 3. By starting the Bilevel Decomposition algorithm with a specific py X pj, partitioning
of the space such that Ax < A* and Ay < A*, the algorithm converges within e-tolerance in a

single iteration.

Proof. This proposition is true if by starting the Bilevel Decomposition algorithm with a parti-
tioning of the space such that Az < A* and Ay < A*, the Master Problem in iter = 1 yields an
upper bound, ®YZ, the Subproblem in iter = 1 yields a lower bound, ®*Z, and both satisfy the
optimality tolerance ®U8 — &5 < ¢ Thus, from (6) and (9) we have that:

PUB _ P < ¢ (12a)
g(f* fF7 )+ dTCff = g(f, ff, ) — DTCFf < e (12b)

where the superscript * denotes the optimal solution of the variables in the NLP @, and the
accent " denotes the optimal solution of the variables in the MILP @

From Proposition 1 by Lara et al. [I] we know that the difference between the MINLP (2]
and the MILP is the underestimation of transportation costs by the latter. Additionally, from
Proposition 2 of the same paper, we have that for an infinite number of partitions the MILP (/5
becomes an exact infinite dimensional representation of the MINLP and both and have
the same optimal solution ®* = d.

Since the difference in the optimal value of the MINLP and its MILP underestimation is only
due to the underestimation of the bilinear term, we can fix the optimal solution for the continuous
variables f and ff to be the same between in MILP and the NLP, i.e., f* = f and ff* = ﬁ, and
this would give as a feasible solution ®/¢** > ®UB_ Thus, if the optimality tolerance is satisfied by
drlees it is also satisfied by ®VB. Therefore, for the sake of simplicity, we can omit the superscripts

and write that

d'Cff — D'Cff<e (12¢)
Z Z Z Ciig [l - (digy — Dig)< € (12d)

leETUT ke teT
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Since djm — Dy < \/(A$*)2 + (Ay*)?, if

S NS G e VAT F (DY <e

leTUT keK teT

207 18 satisfied, then ([12d]) will consequently be satisfied.

Therefore, we can write that

V(Az*)? Z ZZClkt Tliee <€ (12¢)

lETUT ke teT

208 Considering an upper bound on the term multiplying the v/(Az*)2 4+ (Ay*)2, we denote it with

20 the accent. If the following condition is satisfied,

V(Azr)? 233N Clwa ffire <e (12f)

lETUT ke teT

300 then we can ensure that ((12d)) is satisfied.

Going back to the original (not concise) representation:

Z ZZC’;M T = Z(1+R Z(ZVT ikt ff:kt+ZVTCk]t ffk]t> (12g)

leETUT kek teT kek \ieZ JjeT

We can then take the maximum of the variable transportation costs over the facilities k € KC

such that VT'Cs;;, = maxgex VI'C? ket and VTCe it = maxgex VI'CY and substitute these

Jit?

parameters back into (|12g)):

S SS G ffm_z 1+R <Zvcrcmszfkt+ZVTOCqufW) (12h)

lETUT ke teT ke JjeET kex

Combining with constraint we can rewrite as follows
SN Claa ffm_z (ZVTCSMfoSkﬁZVTO DM ) (12i)

I€TVT kek teT keK JjeJg
s and the only remaining variable is ff?, ,

Now, we can also take maximum value of the variable transportation cost over suppliers ¢ such

that VI'C%, = max;er VT'CS; ;. Using this new parameter combined with constraints and ,

and knowing that C'Vj, represents the conversion of facility &k thus it is a fraction number between
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[0, 1] considering its minimum CV = mingex CVj, we can rewrite (12i) as follows

1
Z ZZClkt fflkt_Zm

lETUT keK teT

<> irm

teT

1
(1+R)

IN
ﬂM

1

IN

VTCs, Z Z fhike + Z VTCe:D

) o

(1+ R)

\]

ke i€ JET
- — fs
VTCs Z oV +ZVTOND (12k)
ke
f— ZkEK fkt -

TCs kel 2hL TC<;,DM,; 121
v Otminkeicovk—i_zv CiaD M (12)
VTC

tZD o+ Y VICe;,DM, ) (12m)
JjET jeJ

With this result, we can go back to (12f)) and rewrite it as:

VI(Az* ) + (Ayr)? <

€

ZtET 1+1R)t (VTCbt Z]GJ DM R + Z icT VTC tD )

(12n)

The last step can be applied since the costs and flows are positive, not affecting the sign of the

inequality. Therefore, for A* = max(Axzx*,

Ay*), we can write

€

AF <
1
V2 er (+R)*

(v:rc*st T s D
J

— (120)
j7t + Z]EJ VTCCj7tDMj7t>

Hence, if the user selects a partitioning of the space p; x p; such that Az < A* and Ay < A*

and A* and A* is bounded by above as in ([120]), then the Bilevel Decomposition algorithm

converges in the first step. This means that the solution of the Master Problem in iter = 1 and

the Subproblem in iter = 1 yield bounds that satisfy the optimality tolerance ®V? —®L8 < e [J

4.8. Illustrative Example

We illustrate how the algorithm works by solving a test-case using Network 2 from [I], with

facility types 1 and 2 (centralized and distributed, respectively), 5 time-periods, 10% increase in

demand by time period, and interest factor R = 0.01, and optimality tolerance of ¢ = 1%. We

start iter = 1 with a p, = 2 and p, = 2 partition of the space, as shown in Fig. .

By solving the Master Problem for this grid, we get a LB = 144,712, and a solution that

builds one centralized facility (type 1), k& = cf1, on partition p = 2 at time period ¢ = 1 and

keeps it operating throughout the planning horizon. We then solve Subproblem @D for these fixed

discrete decisions and obtain a solution that builds facility & = cf; on coordinate (46.51,70.76),
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Figure 3: Illustrative problem: iteration 1 (p, =2, p, = 2)

yielding a feasible upper bound of UB! = 149,236, and an optimality gap of 3%. This gap is
higher than the optimality tolerance, hence we proceed with the algorithm.

Since this is the first iteration, we perform the Facility Pruning step. We start by the second
centralized facility k = c¢f; which was not built by the Master Problem. By solving the MILP
with the additional constraint , which enforces that k = cf, is built, we get ®*B<2 = 150,135
which is higher than the current UB!, thus we can prune k = cf, and know that the optimal
solution does not have more than one centralized facility. We then continue to solve the Facility
Pruning step for the distributed facilities. We start by solving the MILP with the additional
constraint for k = df; and get ®LP4 = 144,751, which is lower than the current UB*, thus
cannot be pruned. We continue doing the same for k& = df, and get ®LP42 = 146,267, which is
still lower than the UB!. We then perform the same step for k = df; and get ®LB% = 150, 168,
which is higher than UB!, thus we can prune k = df; and all the remaining distributed facilities,
and know that the optimal solution does not have more than two distributed facilities.

The next step is to solve the Partition pruning. We solve the MILP with the additional
constraint for p = {1, 3,4}, and the results are shown in Table Since none of the ®L5»
were higher than UB' = 149,236, we cannot prune any partition in this iteration. We proceed
then to iter = 2, with p, = 4 and p, = 4 partition of the space, as represented in Fig. @, keeping
the updated set of potential facilities after pruning.

Based on the solution of the Master Problem and Subproblem for iteration 1, and the mapping
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Figure 4: Illustrative problem: iteration 2 (p, =4, p, = 4)

between partitions in iterations 1 and 2, we warm-start the Master Problem MILP (5)) with an
initial feasible solution of building k = c¢f; on partition p = 7. The solution yields LB? = 146, 482,
and a solution that builds one centralized facility (type 1), kK = cfi, on partition p = 11 at time
period t = 1 and keeps it operating throughout the planning horizon. We then solve Subproblem
@D for these fixed discrete decisions and get a solution that builds facility £ = c¢f; on coordinate
(50.00,69.97), yielding a feasible that is higher than the previous upper bound, so we keep U B% =
149, 236. The optimality gap is now 2%, which is still higher than the optimality tolerance of 1%.

The following step is to solve the Partition pruning for the current grid. Since the Subproblem
builds facility £ = c¢f; on the boundary between partitions p = 7 and p = 11, we consider both of
them as active and exclude them of the list of partitions to perform the Partition Pruning step.
We solve the MILP with the additional constraint for p = {1,...,16} \ {7,11} and the
respective results are shown in Table [I Based on the results we can prune the current partitions
p = {13,14,16} and their further refinements.

We proceed to iter = 3, with p, = 8 and p, = 8 partition of the space, as represented in Fig. .
All partitions marked with a stripped pattern were pruned in the previous iteration.

Using the solution of the Master Problem and Subproblem for iteration 2, and the mapping
between partitions in iterations 2 and 3, we warm-start the Master Problem MILP ([5) with an
initial feasible solution of building k = cf; on partition p = 30. The solution yields LB? = 147, 805,

and a solution that builds one centralized facility (type 1), kK = cfi, on partition p = 38 at time
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Table 1: Partition Pruning step results (numbers in bold correspond to partitions that were pruned in the respective

iteration)

Tteration 1 Iteration 2

UB! = 149,236 UB? = 149, 236

Partition p LB LB

1 146,845 148,146
2 - 147,964
3 144,828 148,146
4 144,828 148,892
5 148,093
6 147,452
7 _

8 146,781
9 149,364
10 147,828
11 _

12 146,994
13 150,531
14 149,646
15 148,688
16 149,691

period t = 1 and keeps it operating throughout the planning horizon. We then solve Subproblem
@ for these fixed discrete decisions and obtain a solution that builds facility £ = ¢f; on coordinate
(50.00,69.97), yielding a feasible that is higher than the previous upper bound, so we keep UB? =
149,236. The optimality gap is now 0.96%, which is lower than the optimality tolerance of 1%,
therefore the algorithm has converged. The lower bound, upper bound and optimality gap at each
iteration are reported in Table

As one can see, the lower bound gradually tightens up as the number of iterations iter, and
consequently the number of partitions increase. The optimal network is shown in Figure [6] It

takes 192 seconds to solve this instance on a macOS 2.3 GHz Intel Core i5, using Gurobi 8.0.1
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Figure 5: Illustrative problem: iteration 3 (p, = 8, p, = 8)

Table 2: Tllustrative test problem results

iter Lower Bound Upper Bound Gap

1 144,712 149,236 3%
2 146,482 149,236 2%
3 147,805 149,236 1%

to solve the MILPs (optimality tolerance of 0.01% for each MILP) and BARON 18.5.8 to solve
the nonconvex NLP (time limit of 30 seconds per NLP). For the Facility Pruning and Partition
Pruning steps, we limit the solution time of the MILPs to 10 seconds.

To evaluate the impact of each of the proposed steps, we solve the same instance using the
Accelerated Bilevel decomposition: (i) without the Facility Pruning step, which takes 2770 seconds;
(ii) without the Partition Pruning Step, which takes 211 seconds; and (iii) without the Warm-start
step, which takes 196 seconds. This shows the proposed additional steps have an additive effect
of the performance of the algorithm, and that the Facility pruning is the step with the greatest
impact in the performance for this instance.

It takes 2,778 seconds to solve this same instance with the previous Bilevel Decomposition
proposed by [I] using the same p,, p,, n, and n,. Additionally, BARON 18.5.8 takes 1,835 seconds
to solve the original nonconvex MINLP for this instance, while SCIP 5.0 and ANTIGONE 1.1

cannot solve it in 3,600 seconds (remaining optimality gaps of 2% and 4%, respectively).
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Figure 6: Illustrative problem optimal network

By using Proposition , we get that if we start with p,, p, > 20 we have guaranteed convergence
within 1% in the first iteration. This is considerably more refined than the p,,p, = 8 needed for
the algorithm to converge, showing that even though Proposition [3| provides a valid bound, it is

loose for this case, thus using it may add an unnecessary burden to the solution of the algorithm.

5. Computational results

In order to compare the performance of our proposed accelerated algorithm with the original
algorithm and the currently available general purpose global optimization solvers, we 10 test cases

from [I]. The network varies in size as follows.

Network 1: 2 suppliers X 2 consumers;

Network 2: 5 suppliers X 5 consumers;

Network 3: 10 suppliers x 10 consumers;

Network 4: 20 suppliers x 20 consumers;

Network 5: 40 suppliers x 40 consumers;

The 5 network structures are represented in Figures [TH11}.
For each of the network options, we use as centralized facilities the Type 1 facilities from Lara

et al. [I] (up to 2 large-scale facilities); and as distributed facilities, we first use Type 2 (up to 10
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mid-scale facilities) and then Type 3 (up to 20 small-scale facilities). Therefore, for each of the
network structures, the problem was solved for 12 and 22, respectively.

We assume that all instances are solved for 5 time periods, and the product demand and
availability of raw material have a 10% increase per time-period.

Each test case is solved using the Accelerated Bilevel Decomposition (Fig, the original Bilevel
Decomposition [I], and by general purpose global optimization solvers, BARON, ANTIGONE
and SCIP. We set the optimality tolerance to 2% and the maximum total CPU time to 1 hour.
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Figure 11: Network 5

Regarding the algorithm, it is required that the Master Problem is solved to 0.5% optimality gap
(and we use the lower bound of the MILP as the lower bound in the algorithm), and it is allowed
a maximum CPU time of 30 seconds for the solution of each NLP Subproblem. We start the
algorithm with a 2 x 2 partitioning of the space and at each iteration this partitioning is doubled,
ie Ny, N, = 2.

Our computational tests were performed on a MacBook Pro laptop with a 2.3 GHz Intel Core
i5, with 8GB of RAM, running on MacOS Mojave. We implemented the monolithic formulation
and the global optimization algorithm in Python/Pyomo [44], solving the MILPs using Gurobi
version 8.0.1 [45], the NLPs using BARON version 16.3.4 [46], and the MINLPs using BARON
version 18.5.8 [46], ANTIGONE 1.1 [47], and SCIP 5.0 [48]. Source code reproducing our results
is on Github [49].

The case-studies are named such that the first 2 letters represent the network (i.e., N1, N2,
N3, N4, and N5, represent Network 1, 2, 3, 4, and 5, respectively), and the last 2 letters represent
the facility types considered (i.e., T1T2 and T1T3 represent types 1 and 2, and types 1 and 3,
respectively). The size of monolithic MINLP formulation ([2]) for each of the test cases is shown in
Table Bl

The performance curves for the Accelerated Bilevel Decomposition, the original Bilevel De-
composition from [I] and each of the global solvers are shown in Figure [12]

The results show that the Accelerated Bilevel Decomposition algorithm was able to find the
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Table 3: Monolithic MINLP formulation size

Binary Variables Continuous Variables Constraints

N1-T1T2 360 393 1,265
N2-T1T2 720 825 2,087
N3-T1T2 1,320 1,545 3,457
N4-T1T2 2,520 2,985 6,197
N5-T1T2 4,920 5,865 11,677
N1-T1T3 660 703 2,925
N2-T1T3 1,320 1,495 4,407
N3-T1T3 2,420 2,815 6,877
N4-T1T3 4,620 5,455 11,817
N5-T1T3 9,020 10,735 21,697
10
== Acc. Bilevel Decomp.
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Figure 12: Performance curves comparing the Accelerated Bilevel Decomposition algorithm, with its original version

and the commercial global optimization solvers.
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optimal solution within 2% optimality tolerance in 70% of the case studies, and performed better
(i.e. found the optimal faster) than the other options in all of them. It can be noticed that there
was a noticeable improvement in performance between the original Bilevel Decomposition and
Our Accelerated version of it, being able to solve 7 out of 10 instances instead of 5 out of 10. The
global optimization solver that had the best performance for this problem and these instances was
BARON. SCIP and ANTIGONE had a similar performance, only being able to solve 2 out of the
10 instances.

To evaluate the impact of each of the proposed steps, we solve these same 10 instances using the
Accelerated Bilevel decomposition: (i) without the Facility Pruning step, (ii) without the Partition
Pruning Step, and (iii) without the Warm-start step. The performance curves comparing these

options against the proposed Accelerated Bilevel decomposition are shown in Figure [13]
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Figure 13: Performance curves comparing the Accelerated Bilevel Decomposition algorithm, with versions without

Facility Step, Partition Pruning Step and Warm-start.

The results show that for the smaller instances the absence of each additional step did not have

a great impact on performance. However, for larger instances each additional step was necessary
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to allow the solution of 7 instances. The algorithm without the Partition Pruning and without
the Warm-Start could only solve 6 instances within 1 hour, and the algorithm without the Facility
Pruning could only solve 5 instances within 1 hour, which shows that this is the step with the
greatest impact in the performance. It is interesting to note that for smaller instances not having
the Partition Pruning Step reduces the solution time, which makes sense since this can be a time

consuming step that hurts the performance of easy instances.

6. Biomass supply chain case study

We present a bioethanol case study, adapted from the literature [16, 4], to illustrate a real-
world application for the proposed model and solution strategy. Given are 10 switchgrass suppliers
and 10 ethanol markets with locations that are represented in Figure [[4] There are 12 potential
facilities to be built, of which 10 are distributed (MC = 40.4 MGal/year) and 2 are centralized
facilities (MC = 404 MGal/year). All of the facilities have a conversion of CV, = 26%. Each
market has a demand of 40 MGal of ethanol in the first year, with a 10% increase in demand
each of the following years. Each supplier has 500 kilotonnes/year of switchgrass available, with
a cost of $30/ton, $35/ton, $33/ton, $32/ton, $37/ton, $40/ton, $34/ton, $35/ton, $31/ton and
$39/ton for suppliers 1 to 10, respectively. The fixed transportation costs (FTC; s, FTCy 1)
are $10,000/year for all the possible links, and the variable transportation costs are $2/ton-mile
for the switchgrass (VI'C;y.) and $0.40E-3/gal-mile for the ethanol (VI'Cy ;). We solve this
problem for a 5-year planning horizon.

The resulting model has 3,457 constraints, 1,545 continuous variables, and 1,320 binary vari-
ables. Starting with p,,p, = 5 and N,, N, = 2 it takes 3 iterations and 6 hours to solve it with
the Accelerated Bilevel Decomposition within 2% optimality gap, with an optimal value of $2.178
billion. We attempted to solve this same instance with BARON (the commercial global solver that
has the best performance in the computational experiments in Section , but it only achieved
68% optimality gap when it reached the maximum solution time of 10 hours, highlighting again
the need for a specialized algorithm such as the proposed Accelerated Bilevel Decomposition to
be able to solve real-world applications of this problem.

The optimal network for the biomass supply chain problem is shown in Figure (without
the allocation links since it changes according to the time period). All the 10 distributed facilities

were built in year 1, and one centralized facility was built in year 2. It is interesting to notice that
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Figure 14: Network structure of the biomass supply chain [16]

w0 in some cases the optimization decides to build 2 distributed modular plants right next to each

w1 other instead of replacing them with a larger-scale centralized plant.
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Figure 15: Optimal network for the biomass supply chain
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7. Conclusions

This paper has highlighted the need for a general model to optimize the design and planning
of Distributed and/or Centralized manufacturing networks. We propose a GDP formulation to
solve this problem, which belongs to the class of Capacitated Multi-facility Weber Problem.

We show that with the added complexity of having multi-period decisions the original Bilevel
Decomposition proposed by [I] and the available global optimization solvers (BARON, ANTIGONE
and SCIP) do not perform well, taking a long time to find feasible solutions and an acceptable
optimality gap. Therefore, we propose an accelerated version of the Bilevel Decomposition with
additional steps: Facility Pruning, Partition Pruning and Warm-start of the Master Problem. The
additional steps do not compromise the rigorousness of the algorithm, which still has e-convergence
as proven in [I]. We discuss theoretical properties of the algorithm and find an upper bound to
the space discretization such that if the space is partitioned in any finer grid, the algorithm is
guaranteed to converge in a single iteration.

Additionally, we perform computational experiments for the multi-period version of the random
instances from [1], and show that the proposed Accelerated Bilevel Decomposition outperforms
the original Bilevel Decomposition proposed by [1] and the available global optimization solvers
(BARON, ANTIGONE and SCIP) in all the instances. Finally, we illustrate the applicability of

the model and algorithm by solving a biomass supply chain problem from the literature.
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